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Abstract
We demonstrate that the combination of the ideas of unimodular gravity, scale invariance, and the existence of an exactly
massless dilaton leads to the evolution of the universe supported by present observations: inflation in the past, followed by the
radiation and matter dominated stages and accelerated expansion at present. All mass scales in this type of theories come from
one and the same source.
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1. Introduction
The origin of different mass scales in particle physics
is a mystery. The masses of quarks, leptons and inter-
mediate vector bosons come from the vacuum expec-
tation value (vev) of the Higgs field; the dimensionful
parameters like the QCD scale ΛQCD or the scales re-
lated to the running of all other dimensionless couplings
of the Standard Model (SM) are believed to have noth-
ing to do with the Higgs vev. Newton’s gravitational
constant provides yet another mass scale, very differ-
ent from typical particle masses of the SM. The Higgs
mass itself – where does it come from?
Is it possible that all these mass scales originate from
one and the same source? 1 Indeed, it is not difficult
to construct, on the classical level, a theory containing
a new singlet field χ , which gives masses to all parti-
cles and fixes Newton’s constant. Having in mind the
SM extended by 3 light right-handed singlet fermions,
the νMSM of [1, 2] (this theory – Neutrino Minimal
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1 We will refer to this possibility as “no-scale scenario”.
SM – unlike the SM, can explain neutrino masses and
oscillations, dark matter and baryon asymmetry of the
universe), one can write the Lagrangian realizing this
idea in the following form 2
LνMSM = LSM[M→0] +LG +
1
2 (∂µ χ)
2−V(ϕ ,χ)
+
(
¯NI iγµ∂µNI −hαI ¯Lα NI ϕ˜− fI ¯NI cNI χ + h.c.
)
, (1)
where the first term is the SM Lagrangian without the
Higgs potential, NI (I=1,2,3) are the right-handed singlet
leptons, ϕ and Lα (α = e,µ ,τ) are the Higgs and lepton
doublets respectively, hαI and fI are the matrices of
Yukawa coupling constants. The scalar potential is given
by
V (ϕ ,χ) = λ
(
ϕ†ϕ− α
2λ χ
2
)2
+ β (χ2− χ20)2 , (2)
and the gravity part is
LG =−
(ξχ χ2 + 2ξhϕ†ϕ) R2 , (3)
where R is the scalar curvature. We will only consider
positive values for ξχ and ξh, for which the coefficient
2 This expression is identical to the one in [3], Section 8, but uses
different notations.
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in front of the scalar curvature is positive, whatever
values the scalar fields take. This is the Lagrangian of
“induced gravity” going back to Refs. [4, 5] (see also
[6, 7] in the νMSM context).
For positive λ and β the theory with potential (2)
possesses a ground state 3 . It corresponds to the fields
sitting at the minimum of the potential, i.e. χ = χ0,
h = h0 with h02 = αλ χ20 and a constant metric de-
scribing flat space-time. The field values at the po-
tential minimum can be related to the Planck scale as
M2P = ξχ χ20 + ξhh02, MP = 2.44×1018 GeV. Physics
in this theory does not depend on a specific value of
χ0 – all dimensionful parameters are proportional to it
– and only dimensionless ratios can be measured.
Although the aim of having one source for all mass
scales is achieved by construction of the Lagrangian
(1) (we stress that we are still discussing the classical
theory) the solution is not satisfactory: the absence of
explicit mass terms for the Higgs field and for singlet
fermions, and the absence of a gravity scale along with
the introduction of the dimensionful parameter χ0, re-
quired to realize the scenario, are ad hoc and do not
follow from any symmetry principle.
The symmetry that forbids (on the classical level)
the appearance of any dimensionful parameters
is well known – it is the dilatational symmetry.
Under dilatations, the scalar and fermionic fields
change as φ(x)→ σnφ(σx) (n = 1 for scalars and
n = 3/2 for fermions), while the metric transforms as
gµν(x)→ gµν(σx). The action (1) is invariant under
this symmetry, provided χ0 = 0, leading to the absence
of all dimensionful parameters.
From now on we will require that a dilatation in-
variant theory should possess a ground state. Since this
requirement is essential for our model, we will further
discuss it in section 4. For the dilatation invariant the-
ory to contain massive singlet and doublet fermions,
the ground state should be such that χ 6= 0 and h 6= 0.
The only way to achieve this is to set β = 0. Thus,
the no-scale scenario can only be realized if β = 0.
In this case the potential (2) acquires the flat direc-
tion h2− αλ χ2 = 0, and the theory contains one exactly
massless particle η – a certain mixture of the singlet
χ and the Higgs field. The requirement β = 0 there-
fore leads to a theory with spontaneously broken scale
invariance, where η appears as a Goldstone boson 4 .
3 By a ground state we mean a constant solution of the equations
of motion including gravity. The existence of such a ground state
could be essential for a consistent quantization of the theory.
4 Spontaneous breaking of the dilatational symmetry also occurs if
the potential has a flat direction either along χ = 0 or along h = 0.
However, both cases are unsatisfactory. The first one corresponds to
Equivalent arguments were given in [8].
The theory (1) with β = 0 (from now on only this
choice of parameters will be considered) is rather pecu-
liar 5 : not only is the physics independent of the value
of χ 6= 0 in the ground state, but the ground state is in-
finitely degenerate. The question “Who gives the mass
to the dilaton ?” does not arise. It is massless, and the
chain of questions “Who gives mass to whom?” termi-
nates.
Not to any surprise, the classical scale-invariant the-
ory constructed in this way does not contain a cosmo-
logical constant Λ. So, if we confront it with cosmolog-
ical observations, it seems to fail, since the universe is
in accelerated expansion, which requires the presence
of dark energy with an equation of state close to that of
the cosmological constant. This conclusion is certainly
correct for standard General Relativity (GR), associated
with the action
SE =
∫ √−gd4xLνMSM , (4)
where g is the determinant of the metric.
The aim of this Letter is to show that the situation
is completely different if general relativity in (4) is
replaced by Unimodular Gravity (UG). UG is a very
modest modification of Einstein’s theory: it adds a con-
straint g =−1 to the action principle defined by eq. (4)
[9, 10, 11, 12, 13, 14, 15, 16]. UG is invariant under dif-
feomorphisms which conserve the 4-dimensional vol-
ume element. It contains the same number of dynami-
cal degrees of freedom (massless graviton) as Einstein’s
theory. To the best of our knowledge, the consequences
of scale-invariant UG with massless dilaton have not
been considered previously.
The relevance of UG for the cosmological constant
problem was realized long time ago [9, 10, 11, 12, 13].
If g = −1, adding a constant Λ to the Einstein-Hilbert
action does not change the equations of motion. Still,
the Λ problem is not solved, since the cosmological
constant shows up again, but now as an initial condi-
tion for cosmological evolution in UG. We will see that
for our case of a scale-invariant theory together with
UG, the initial conditions lead to a non-trivial run-away
effective potential for the dilaton rather than to a cos-
mological constant, and thus to dynamical dark energy.
Moreover, it will turn out that both inflation and accel-
a theory with no massive singlet fermions, whereas the second one
is a theory with no electroweak symmetry breaking.
5 We stress that this theory is not invariant under local conformal
transformations. Conformal invariance requires the specific values
for ξχ and ξh, ξχ = ξh =− 16 .
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erated expansion of the universe can be explained on
the same footing.
The Letter is organized as follows. In Section 2 we
show that scale-invariant UG with a massless dilaton is
equivalent (on the classical level) to Einstein’s theory
with zero cosmological constant and a peculiar poten-
tial, the magnitude of which is fixed by initial condi-
tions for all the fields. We continue in Section 3 with a
discussion of the evolution of the universe in our model.
The requirements a full quantum theory should satisfy
for our findings to remain valid are formulated in Sec-
tion 4. Section 5 is a summary of the results.
2. Scale-invariant unimodular gravity : the
classical theory
In this Letter we want to bring together several a
priori separate ideas. One of them is unimodular gravity,
which has appeared many times in the literature [9, 10,
11, 13, 14, 15, 16]. In unimodular gravity one reduces
the dynamical components of the metric gµν by one,
imposing that the metric determinant g≡ det(gµν) takes
some fixed constant value. 6 Conventionally one takes
|g|= 1, hence the name. Fixing the metric determinant
to one is not a strong restriction, in the sense that the
family of metrics satisfying this requirement can still
describe all possible geometries. For pure gravity, things
are very simple and well known. The analog of the
Einstein-Hilbert Lagrangian for unimodular gravity is
LEH =−M2P
ˆR
2
. (5)
Writing quantities with a hat, like ˆR, we mean that
they depend on the metric with g = −1. These quanti-
ties transform like tensors under the group of volume
preserving diffeomorphisms, i.e. coordinate transforma-
tions xµ → ξ µ(x), with the condition ˆ∇µξ µ = 0. 7 Do-
ing variations of this action that keep the metric deter-
minant fixed, since it is not a dynamical variable, yields
the equations of motion
ˆGµν =−Λ gˆµν , (6)
6 In principle one can fix g = a(x), where a(x) is a fixed external
field, and the results are the same.
7 It is important to distinguish UG from theories constructed on the
simple requirement of invariance under restricted coordinate trans-
formations xµ → ξ µ (x), with ˆ∇µ ξ µ = 0 (sometimes called TDiff
gravity) [12, 17, 18]. The latter theories contain in general a third
dynamical degree of freedom for the metric. In addition, they have
field equations, which depend on the choice of coordinates. In UG
the constraint on the metric determinant is essential. It is responsible
for the absence of a third metric degree of freedom and guarantees
that the equations of motion do not depend on the coordinate choice.
where Λ is an integration constant given by initial con-
ditions. Now, these are also the equations for standard
Einstein gravity with an added cosmological constant,
for a choice of coordinates such that the metric determi-
nant is equal to one, which is always possible [9]. There-
fore, the two theories are classically equivalent, except
that in the standard theory the cosmological constant ap-
pears in the action, whereas in unimodular gravity it is
an integration constant. It has been shown [9, 13, 14, 15]
that if one adds a matter sector that couples minimally
to gravity, and therefore has a covariantly conserved
energy-momentum tensor ∇µT µν = 0, the application
of UG also results in the appearance of an integration
constant that plays the role of an additional cosmolog-
ical constant. We now want to find a similar statement
for a more general case, in particular the one in which
Newton’s constant is generated dynamically.
The action for unimodular gravity and any other
fields, which couple to gravity in an arbitrary way, has
the following functional dependence:
Σ =
∫
d4xL (gˆµν ,∂ gˆµν ,Φ,∂Φ), (7)
where Φ stands for all non-gravitational fields. If we
want to derive the equations of motion for this theory,
we have to vary the action keeping the constraint on the
determinant. This is done using the Lagrange multiplier
method. We add an additional variable, whose equation
of motion will be the constraint. So, the following La-
grangian is equivalent to the former one:
˜L =
√−g
(
L (gµν ,∂gµν ,Φ,∂Φ)+ Λ(x)
)
︸ ︷︷ ︸
A
−Λ(x)︸ ︷︷ ︸
B
.
(8)
Here, apart from the usual symmetry requirement
gµν = gνµ , gµν is unconstrained (the initial Lagrangian
was multiplied by a factor
√−g, which does not change
the theory because of the unimodular constraint).
The equations of motion are
δA
δgµν
= 0 , (9)
δA
δΦ = 0 , (10)
δ (A + B)
δΛ = 0 = (
√−g−1) . (11)
We observe that
∫
d4xA(x) is invariant under the full
group of diffeomorphisms. The infinitesimal transfor-
mations are
3
gµν → gµν + δξ gµν ,
Φ→Φ+ δξ Φ ,
Λ→ Λ+ δξ Λ , (12)
where δξ depends on the nature of the fields, i.e. scalar,
vector, etc. If, for instance, we take Φ to be a scalar
field, the δξ ’s are given by
δξ gµν = ∇µ ξν + ∇νξµ ,
δξ Φ = ∂µΦξ µ ,
δξ Λ = ∂µΛξ µ . (13)
Due to this symmetry, the following relation holds.∫
d4x
( δA
δgµν
δξ gµν +
δA
δΦδξ Φ+
δA
δΛ δξ Λ
)
= 0 . (14)
The coefficients of the first two terms are zero because
of the equations of motion and the last coefficient yields
δA
δΛ =
√−g. The equation reduces to∫
d4x
√−g(∂µ Λ)ξ µ = 0 . (15)
Since this holds for all possible functions ξ µ(x), we can
conclude that
∂µΛ(x) = 0 , (16)
and hence that Λ is a constant of motion. Its value can
be determined by the field equations together with the
initial conditions for all fields. Knowing this, let us again
look at the equations (9)
δA
δgµν
=
δ{√−g
(
L (gµν ,∂gµν ,Φ,∂Φ)+ Λ(x)
)
}
δgµν
= 0 .
These equations along with the constraint
√−g = 1 are
the field equations for unimodular gravity plus other
fields. From (16) we know that Λ is an integration con-
stant. We conclude that the theory given by (7) is clas-
sically equivalent to a fully diffeomorphism invariant
theory described by the Lagrangian
Ldiff =
√−g
(
L (gµν ,∂gµν ,Φ,∂Φ)+ Λ
)
, (17)
apart from the different ways in which the parameter Λ
appears 8 . The quantity Λ plays the role of a cosmolog-
ical constant in the theory with explicit Planck mass.
However, as we will see shortly, this is not the case if
Newton’s constant is induced dynamically.
We now want to combine the ideas of UG and scale
invariance. Considering only the gravitational and the
8 In [12] the authors presented a proof of the same statement for
TDiff theories a using similar type of arguments. However, to our
understanding, this proof is in fact not valid for general TDiff
theories.
scalar sectors, a general Lagrangian containing scalar
fields φi has the form:
L =−1
2
Ki jφiφ j ˆR+ 12 gˆ
µν∂µφi∂νφi−Ui jklφiφ jφkφl .
(18)
The result derived above tells us that the solutions of
UG with this Lagrangian are equivalent to the solutions
of GR with Lagrangian
L =
√−g
(
− 1
2
Ki jφiφ jR + 12 ∑i g
µν∂µ φi∂νφi
−Ui jklφiφ jφkφl −Λ
)
.
(19)
Let us finally add to unimodular gravity and scale in-
variance the requirement that the scalar potential should
have a flat direction. The potential for a theory contain-
ing the Higgs field h and an additional scalar field χ is
then given by
V (h,χ) = λ
4
(
h2− αλ χ
2
)2
. (20)
So, our requirements lead us to the scalar and gravita-
tional parts of the action (1) with β = 0 and standard
gravity replaced by UG. The corresponding Lagrangian,
invariant under all diffeomorphisms (a particular case
of (19)), is
L =
√−g
(
− 1
2
(ξχ χ2 + ξhh2)R+
1
2
(
∂µ χ
)2
+
1
2
(
∂µ h
)2−V(h,χ)−Λ) . (21)
Now, in order to facilitate the physical interpretation
of this Lagrangian, we can do a change of variables
(conformal or Weyl transformation) of the following
type
gµν = Ω(x)2g˜µν . (22)
If we choose Ω such that (ξχ χ2 + ξhh2)Ω2 = M2P, the
action (21) in terms of the new metric g˜µν reads
LE =
√
−g˜
(
−M2P
˜R
2
+ K−UE(h,χ)
)
, (23)
and is said to be in the Einstein frame (see e.g. [19]).
Here K is a complicated non-linear kinetic term for the
scalar fields, given by
K = Ω2
(
1
2
(∂µ χ)2 +
1
2
(∂µh)2
)
−3M2P(∂µΩ)2 . (24)
In our case where ξχ , ξh > 0, the kinetic form K
is positive-definite, which guarantees the absence of
ghosts. The Einstein-frame potential UE(h,χ) is given
by
UE(h,χ) =
M4P
(ξχ χ2 + ξhh2)2 [V (h,χ)+ Λ] , (25)
4
where the parameter Λ is related to initial conditions for
scalar fields and gravity and does not depend on space-
time coordinates. It is not a cosmological constant but
rather the strength of a peculiar potential.
3. Dark energy, inflation and cosmological constant
We now want to analyze the cosmological conse-
quences of the theory (1), working in the Einstein frame.
Although the dynamics of the general system described
by (23) is very complicated due to the non-canonical
form 9 of the kinetic term K, we can gain some insight
into the evolution of the system looking at the potential
part only.
The phenomenologically interesting domain of pa-
rameters, explained below, corresponds to ξh ≫ 1,
ξχ ≪ 1, λ ∼ 1, α ≃ λ ξχ v2M2P ≪ 1 (here v ≃ 250 GeV
is the Higgs vev). For this case the kinetic mixing of
two fields in K is indeed not essential. The potential
UE(h,χ) for Λ = 0, Λ > 0 and Λ < 0 is shown in
Fig. 1. For Λ = 0 it has two valleys around the lines
h =±
√
α/λ χ , corresponding to the exact zero mode.
As soon as Λ 6= 0 the valleys get a slope. If Λ > 0,
the potential is positive for all field values and does
not have any minima but decreases if one moves away
from the origin along a valley. On the contrary, for
Λ < 0 the potential is negative for small χ and h and
has a singularity at the origin.
For 0 < Λ<∼M4P a typical behavior of the scalar fields
is as follows. Like in the chaotic inflation scenario [21],
it is expected that initially both fields are displaced from
their ground state values and are generically larger than
the Planck scale: the first term in (25) dominates. More-
over, by assumption, ξh ≫ ξχ , meaning that for χ ∼ h
the dynamics is mainly driven by the Higgs field, mov-
ing the system towards the valley. This corresponds to
inflation due to the Higgs field, suggested in [22]. When
the value of the Higgs field becomes of the order of
the Planck scale, it is trapped by the valley and oscil-
lates there, producing particles of the SM (this process
is studied in detail in [23]). The correct spectrum of per-
turbations is generated if ξh ∼ 20000 [22], for which the
reheating temperature is Trh ∼ 1013 GeV. This part of
the evolution is quite similar to the hybrid inflation sce-
nario [24]. The later evolution of the universe depends
crucially on the sign of Λ, which is defined by initial
9 For the system containing just one scalar field the field trans-
formation leading to a canonically normalized kinetic term can be
found easily (see, e.g. [20]). For multiple fields we did not manage
to find the required transformation.
conditions in UG. We would expect that with 50% prob-
ability the universe was born in the state with Λ > 0. In
this case it will evolve along the valley towards a state
with χ , h = ∞ with zero cosmological constant. At any
finite evolution time the universe must contain dark en-
ergy.
Present cosmological observations allow to pin down
the value of the non-minimal coupling of the field χ .
For the late time evolution and α ≪ 1 (⇒ h≪ χ) the
dilaton field η with (almost) canonical kinetic term is
related to χ as
χ = MP exp
(
γη
4MP
)
, γ = 4√
6 + 1ξχ
. (26)
Its dynamics is practically decoupled from the dynamics
of the Higgs field (the deviation of it from the vev will be
denoted by φ in the Einstein frame). The corresponding
equations of motion have the form
η¨ + 3Hη˙ + dUηdη = Iη , (27)
¨φ + 3H ˙φ + m2hφ = Iφ , (28)
where mh is the Higgs mass and
Uη =
Λ
ξ 2χ exp
(
− γη
MP
)
. (29)
The source terms Iη,φ originate from the kinetic mixing
K in eq. (24),
Iη ∝
1
ξh
(
αξh
λ ξχ
) 1
2 (
¨φ + 3H ˙φ) ,
Iφ ∝
(
αξh
λ ξχ
) 1
2
(
η¨ + 3Hη˙− γ
4MP
η˙2
)
, (30)
and can be safely neglected. The Hubble constant H is
given by the standard expression
H2 =
1
3M2P
(
1
2
η˙2 +Uη +
Cγ
a4
+
CM
a3
)
, (31)
where the two last terms correspond to radiation and
matter contributions to the energy density, and a is the
scale factor. It is amazing that here the exponential po-
tential, proposed for a quintessence field a long time
ago in [25, 26, 27], appears automatically, though with
Λ not being a fundamental parameter but rather a ran-
dom initial condition.
The dynamics of the universe described by eq. (27)
with Iη = 0 has been studied in a number of works (for a
recent review see [28]). In [26, 30] it was shown that for
γ >
√
3 this model possesses attractors corresponding
5
Higgs
Dilaton
UE
Higgs
Dilaton
UE
Higgs
Dilaton
UE
Fig. 1. Potential for the Higgs field and dilaton in the Einstein frame. Left: Λ = 0, middle: Λ > 0, right Λ < 0.
to scaling solutions. In that case the energy density of
the scalar field eventually scales like the dominant com-
ponent of the universe. Therefore, those models cannot
describe accelerated expansion. The situation is differ-
ent for γ <
√
3: the scalar component changes slower
than radiation and matter and eventually starts domi-
nating. If γ is in this region, the dynamics of η is that
of a ”thawing” quintessence field [29, 30]. In that sce-
nario the scalar field at early times is nearly constant
and has ω ≃−1. When the Hubble friction gets weaker,
the field starts rolling down the exponential potential.
At the same time ω grows and moves away, although
extremely slowly, from ω =−1.
Let us find a constraint on the parameter ξχ . The most
convenient for us is the result of [31], which gives the
relationship between the parameter ω of the equation
of Ωχ , valid for the thawing scenario realized by an
exponential potential with γ <
√
3. It reads [31]:
1 + ω = γ
2
3
[
1√
Ωχ
− 1
2
(
1
Ωχ
−1
)
log
1 +
√
Ωχ
1−√Ωχ
]2
.
(32)
Taking the results of WMAP [32] for the equation of
state−0.14 < 1 + ω < 0.12 and identifying Ωχ with the
dark energy abundance ΩDM ≃ 0.73, we find that the
value of ξχ must be in the interval
0 < ξχ < 0.07 . (33)
Hence, γ . 1 <
√
3 which shows that γ is indeed in the
correct parameter region for the thawing scenario.
As for the value of Λ, it cannot be determined un-
ambiguously, since the value of the dilaton field is un-
known. For typical values appearing in run-away scenar-
ios, η ∼MP log(tMP)/2
√ξχ [25, 26] (t is the present
age of the universe), the initial value of Λ can be as
large as M4P.
It has been shown in [26, 30], that in this model (for
Λ > 0) the universe becomes dark energy dominated at
late times, i.e. Ωχ → 1. In this limit the parameter of the
equation of state becomes ω → γ23 −1 and the universe
will expand according to the power law a(t) ∝ t2/γ2 .
An important comment is now in order. The change
of η with time does not lead to any visible time varia-
tion of Newton’s constant or of particle masses. In the
Einstein frame the dilaton practically decouples from
all the fields of the SM, and the amplitude of the time-
dependent corrections to masses, from eq. (28), is of
the order of φ
v
∼ Iφ
m2hv
, (34)
which is too small to be tested in any observations.
To conclude, the cosmological evolution of a classi-
cal scale-invariant theory with unimodular gravity and
an exactly massless dilaton typically leads to initial in-
flation (large ξh ≫ 1 is required to be in accordance
with observations), then to the heating of the universe
and eventually, with a 50% chance, to accelerated ex-
pansion in the late stages (ξχ ≪ 1 is required to fit ob-
servations).
4. Quantum theory
The analysis of the two previous sections was entirely
classical. Therefore, we will formulate the conditions,
which should be satisfied for the results to be valid in
the quantum case as well. Since the theory (21) is not
renormalizable, the discussion in this section will be on
the level of wishful thinking and does not pretend to
any rigor (see, however, [33, 34]).
As the dilatational symmetry of the theory is easier
to see in the Jordan frame, we will use it for the present
discussion, which in a number of respects resembles the
one in [25, 26, 35]. Clearly, the classical results survive
if the dilatational symmetry remains exact on the quan-
tum level and if the dilaton is still massless in full quan-
tum field theory. Like in the classical case, the exact
dilaton degeneracy of the ground state will guarantee
6
the absence of the cosmological constant, whereas the
unimodular character of gravity would induce, through
initial conditions, the run-away behavior (for Λ > 0) of
the dilaton field at a late time in the expansion of the
universe. If true, all dimensionful parameters of the SM,
including those coming from dimensional transmuta-
tion like ΛQCD will change in the same way during the
run-away of the dilaton field. The deviation of dimen-
sionless ratios (only they are relevant for physics in a
scale-invariant theory) from constants, due to the cos-
mological evolution, will be strongly suppressed as in
(34) and thus be invisible. The dilaton will only have
derivative couplings to the fields of the νMSM, being a
Goldstone boson related to the spontaneous breaking of
dilatational invariance and thus evade all the constraints
[25, 26, 35] considered for the Brans-Dicke field [36].
The required dependence of low-energy parameters
such as ΛQCD on the dilaton field would appear if the
following strategy is applied to the computation of ra-
diative corrections in the constant χ , h backgrounds
[33, 34] (see also [25, 26]). Use the field-dependent cut-
off Q2, related to the effective Planck scale in the Jor-
dan frame as Q2 = ξχ χ2 + ξhh2, and assume that the
values of all dimensionless couplings at this scale do
not depend on Q2. With this prescription the non-trivial
dimensionful parameters, appearing as a result of the
renormalization procedure, would acquire the necessary
dependence on the dilaton field. It is this prescription,
which was effectively used in [22] to discuss radiative
corrections to the Higgs-inflaton potential. Note that the
renormalization procedure of [37] is completely differ-
ent, and there is no surprise that the results and conclu-
sions of our present work and of [22] are not the same
as those of [37].
The requirement that the dilaton remains exactly
massless on the quantum level, or in other words that
the quantum effective potential has a flat direction (in
classical theory this corresponds to β = 0) is crucial
for our findings. It is highly non-trivial as it is not a
consequence of scale symmetry. Still, the quantum field
theories constructed near the scale-invariant ground
state 〈h〉 = 〈χ〉 = 0 and the state with spontaneously
broken scale invariance are completely different at the
quantitative level. The theory with 〈h〉 = 〈χ〉 = 0 in
general does not have asymptotic scattering states 10
(for a review see e.g. [40]). In other words, it does not
have particles at all and thus cannot be accepted as a
realistic theory. On the contrary, if the quantum scale
invariance is spontaneously broken, the theory does
10 If it does, the exact propagators coincide with the free ones and
the theory is likely to be trivial in this case [38, 39].
describe particles and thus may be phenomenologically
relevant. These considerations single out the theories
with degenerate ground state, corresponding to β = 0
at the classical level 11 .
In the cosmological setup the relevance of these ar-
guments is not obvious. Indeed, suppose that the flat
direction is lifted, i.e. β > 0 and consider late time clas-
sical evolution corresponding to initial conditions with
Λ > 0. A non-zero value of β leads to a positive vacuum
energy in the Einstein frame, Evac∼ β M4P. As in Section
3, the scalar field η has a run-away behavior, leading to
the breaking of scale invariance, whereas the universe
is expanding exponentially with the Hubble constant
determined by Evac. Certainly, there is nothing wrong
with the classical solution of this type, except the fact
that it is unstable against scalar field fluctuations which
grow as in the inflationary stage [41]. Whether this pic-
ture survives quantum-mechanically, is an open issue.
If it does, and if the notion of particles can be defined,
we will get a universe with non-zero cosmological con-
stant, loosing thus an explanation of its absence. How-
ever, the classical picture may happen to be mislead-
ing. Indeed, in the full quantum field theory, any state
including cosmological solutions, can be considered as
a superposition of quantum excitations above the vac-
uum state. As no particles can be defined for the scale-
invariant theory with scale-invariant ground state 12 , we
would expect that the effective particle-like excitations
about the classical background can exist only for a fi-
nite time, presumably of the order of the inverse Hubble
constant. If true, the requirement that the scale-invariant
quantum theory must be able to describe particles again
singles out the case corresponding to β = 0.
5. Conclusions
In this Letter we showed that the scale-invariant clas-
sical SM and the νMSM coupled to unimodular gravity
have all necessary ingredients to describe the evolution
of the universe, including early inflation and late ac-
celeration. The requirement of scale invariance and of
the existence of a massless dilaton leads to a theory in
which all mass scales, including that of gravity, orig-
11 When quantum effects are included, the flat direction is not neces-
sary associated with β = 0. Nevertheless, to simplify the discussion,
we will refer to the case with spontaneously broken scale invariance
on the quantum level still quoting the classical value β = 0.
12 The case when particles can be defined corresponds to free field
theory, see footnote 10. Then the Lagrangian (1) is simply a very
complicated way to describe this trivial theory, and the classical
cosmological solution has nothing to do with the exact quantum
solution.
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inate from one and the same source. The unimodular
character of gravity leads to the generation of an expo-
nential potential for the dilaton, ensuring the existence
of dark energy. If the full quantum field theory exhibits
the same symmetries (for the explicit construction see
[33, 34]), it will have the same properties. Moreover,
the argument can be reverted – the observation of an ac-
celerated universe with a dark energy component may
tell that the underlying quantum field theory should be
scale-invariant, and that this scale invariance should be
broken spontaneously, leading to the massless dilaton.
The theory (1) with β = 0 and UG happens to be very
rich in applications. It can address all confirmed signals
which suggest that the SM is not complete: neutrino
masses and oscillations, existence of dark and baryonic
matter in the universe, early inflation and late acceler-
ation, leading to an extra argument against the neces-
sity of new physics between the electroweak and the
Planck scale [42] (see also [43]). The discussion of parti-
cle physics experiments and astrophysical observations
that can confirm or rule out this theory can be found
in [44, 45, 46, 47, 48]. Our findings here indicate that
the equation of state parameter ω for dark energy must
be different from that of the cosmological constant, but
also that ω >−1, adding an extra cosmological test that
could rule out the νMSM.
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